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Tests of a Method for Making Geodetic Ties by Observing
a Satellite Optical Beacon

DONALD H. ECKHARDT*
Air Force Cambridge Research Laboratories, Bedford, Mass.

The intervisible technique uses simultaneous optical observations of rockets or satellites for
relative positioning of reference and unknown observers. The technique is developed
using the method of maximum likelihood. Ten Air Force PC-1000 cameras in the south-
eastern United States participated in a program of simultaneous photographic observations
of flashes from the ANNA 1-B geodetic satellite. Geodetic position determinations using
these ANNA observations indicate that the PC-1000 camera system used with the intervisible
technique is capable of extending geodetic control with an accuracy of about 10 m.

Introduction

THE ANNA 1-B geodetic satellite was launched on October
31, 1962. The satellite carries Army Seeor range and

Navy Doppler range rate equipment and the Air Force con-
tribution, a flashing light system. Many photographic ob-
servations have been made of the ANNA flashes, and a num-
ber of different techniques are applicable for reducing these
data into geodetically significant results. The reduction
techniques either rely on dynamic theory or are purely
geometric. In the latter class are long-line azimuth deter-
minations and the basis of this paper, the intervisible tech-
nique.

The term " inter visible" implies that directional measure-
ments of common flashes are made simultaneously from
several stations on the earth. The object of the technique
is to solve for the coordinates of unknown stations or to re-
fine the coordinates of known stations and, if applicable, to
provide inter datum translations.

From September 1963 until January 1964, 10 PC-1000
camera stations in the southeastern United States partici-
pated in a series of ANNA optical observations called the
Gulf Test. The purpose of the Gulf Test is to prove out a
a stereo-triangulation system that encompasses a satellite-
borne flashing light source, PC-1000 camera systems, a plate
reduction method developed specifically for long focal length
cameras,1 and a computer program for intervisible geodetic
reductions.2

In the Gulf Test, as in the whole ANNA project, the Air
Force has utilized the optical portion of the ANNA geodetic
satellite program through the participation of three agencies:
Air Force Cambridge Research Laboratories (AFCRL), Air
Photographic and Charting Service (APCS), and the Aero-
nautical Chart and Information Center (ACIC). AFCRL
computed the look-angle information, scheduled the flash
sequences, triggered the flashes with an emergency override
system when necessary, and performed the final geodetic re-
ductions. APCS distributed the look-angles and operated
and maintained the PC-1000 stellar cameras. ACIC per-
formed the plate reductions, forwarding right ascensions and
declinations of the flash positions to AFCRL for use in the
geodetic reductions.

Satellite Beacon
The flashing beacon in the ANNA satellite was developed

by Edgerton, Germeshausen, and Grier Inc. It consists of

two pairs of xenon-filled lamps mounted in reflectors, one
pair on the north face of the solar cell panel and one pair on
the south face. The satellite is magnetically oriented so
that one pair of lights serves as the beacon when the satellite
is north of the magnetic equator and the other serves as the
beacon when it is south of the magnetic equator (see Fig. 1).

A flash sequence is composed of five flashes at 5.6-sec
intervals. The energy per flash is 1100 joules. The flash
duration is 1.2 msec, and the light output is about 8800
candle-sec/flash. Under normal operation, flash times are
inserted into the satellite memory from an injection station
located at the Applied Physics Laboratory in Maryland
when the satellite passes within range of the station. The
timing of the flash sequences is controlled by the memory
clock. At the predetermined times, the clock initiates the
flash sequences to an accuracy of 0.1 to 0.5 msec.

An alternate method of initiating flash sequences is afforded
by the emergency override system (EMOS), which was located
at AFCRL, Bedford, Mass., during the Gulf Test exercise.
The EMOS enables an operator to initiate flash sequences on
command to 1-msec accuracy. The unreliability of ANNA
clock timing necessitated using the EMOS for executing
flash sequences after October 11, 1963.
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Fig. 1 The ANNA 1-B geodetic satellite. On the equa-
torial band of solar cells can be seen two flash-tube as-
semblies aimed at the satellite's magnetically oriented
north pole. Identical units aim at the satellite's south

pole.
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Fig. 2 On this 5 X 5 cm positive print of a portion of a
PC-1000 plate, the ANNA flashes are circled and are barely
discernible. The star trails are shutter-chopped during the
calibrations that precede and follow the open period during

which the satellite is programed to flash.

PC-1000 Camera System

The PC-1000, a fixed stellar camera, has a 1000-mm focal
length, a 200-mm aperture, and a 10° square field of view.
Kodak 103F emulsion photographic plates were used to
photograph the ANNA flashes simultaneously against star
backgrounds that included stellar magnitudes as low as
the ninth.

A normal observation is made as follows. Two precalibra-
tion sequences of shutter openings separated by approxi-
mately 40 sec are taken with openings of 2, 1, 0.5, 0.3, and
0.1 sec, the shutter being closed for 15 sec between openings.
Each recorded star gives rise to a trace of point-like images.
Fifteen seconds after the precalibration, the shutter is opened
for 1 min to photograph the ANNA five-flash sequence, which
produces flash images ranging from 40 to 70 p in diameter,
depending on the camera-satellite range. After the shutter
is closed for a 15-sec interval, a series of double postcalibra-
tions is taken. Figure 2, is a positive enlargement of a 2-in.-
square area of a PC-1000 plate with the ANNA flash images
circled.

The final plate consists of a series of five flash images re-
corded on a background of hundreds of control points pro-
vided by the star images. The control points selected are
those that closely match the photographic characteristics of
the flash images. This eliminates the measuring bias prob-
lem, since the bias is the same for both the flash images and
the measured control. The star background allows each
camera to be precisely calibrated for its elements and for its
orientation in space. Because the rays from the flashes to
the cameras are refracted the same amount as the rays from
the stars to the cameras, the effects of refraction are removed
by only minor parallactic corrections. An ANNA plate re-
duction usually involved 60 to 70 stellar images corresponding
to the double precalibration and postcalibration exposure
times.

The flash directions from each observing station are de-
termined from the plate measurements of control points and
flash images. These are forwarded by AGIO to AFCRL in
the form of topocentric right ascensions and declinations.
Included with the flash directions are their standard devia-

tions, which are by-products of the plate reduction program.
These, together with the observing station positions and their
assumed uncertainties, comprise the input for the intervisible
geodetic reduction program.

Intervisible Adjustment Theory

The usual departure point for the adjustment of over deter-
mined systems, such as those stemming from the Gulf Test,
is the method of least squares. This method is based rigor-
ously on the method of maximum likelihood for normal
deviates, which is the foundation on which the reduction tech-
nique for the Gulf Test systems is directly constructed.

The principle of the method of maximum likelihood is to
maximize the likelihood function or its logarithm L with
respect to the parameters to be adjusted, $p, p = 1, 2, . . . ,
P. Consider these parameters as the elements of a P-vector
6. Then the conditions for a stationary point at 6 = 6 can
be written as

)0 = 0 p = 1, 2, . . . , P

Suppose that 0 is an approximation to 6.
expansion to the first order in (&p — &),
become

f

By Taylor series
these conditions

p = 1, 2, . . . , P
Let the inverse of the matrix [-(d2L/d^dt?5)-9] be

The first-order solution for $ becomes

fl-1
p = 1, 2, . . . , P (I)

This array is the form used in the iterative solutions of the
Gulf Test networks. It can be shown that, with such an
iterative .technique, 0 converges in probability to the true
parameter 0, and rjpg converges in probability to the expected
value of (&p - &p)(&q - #*), that is, [rjpq] is the solution
covariance matrix.

The elements of the parameter vector 0 for the intervisible
networks of the Gulf Test are taken as the coordinates of R
flash positions xf, r = 1, 2, . . . , R, and the coordinates of S
ground stations, yis, s = 1, 2, . . . , S. (Subscripts always
pertain to the three-vector of cartesian space, and the con-
vention of summation over repeated subscripts is adopted.)
Estimates are available before the reduction of the coordinates
of the stations ?/;0s » y*3 and of their uncertainties. The
uncertainties for each station are normally distributed with
zero means and inverse covariance elements Kaa.

It is assumed that there is no correlation between stations
and that each error ellipsoid defined by Kif is an ellipsoid of
revolution about the local vertical axis. Properly inter-
preted, the solution to be derived is valid in the limit as any
error ellipsoid becomes infinitesimal (fixed station) or in-
finite (completely unknown station) .

The range from station s to flash r is

Wrs =

and the direction cosines from the station to the flash are

The corresponding observed direction cosines are Virs. It is
assumed that the angle <prs between the vectors [M/S] and
[virs] is the resultant of two angles that are mutually ortho-
gonal on the celestial sphere, and each of which is normally
distributed with zero mean and standard deviation <rrs. For
a missing observation, 1/VS is taken as zero. Because <pr
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is small (~10 ~5),

The log likelihood function for this model is

Its first derivatives are, to the first order in <prs,

Its second derivatives are, to the zeroth order in

= __

(t0"cr»)2

__ ~ 3

where &,- is the Kronecker delta. All other second derivatives
are zero. The second derivatives are calculated from the first
approximations for Xir and yis, and the covariance matrix is
found by inversion. For reasonable first approximations,
this matrix need be evaluated only once. The first deriva-
tives are multiplied by the covariance matrix as in Eq. (1)
to generate corrections to xf and yis (that is, to &p), which
are in turn used .to update the first derivatives for iterative
application of the equation. Iterations are continued until
all of the corrections generated are significantly less than
the solution variances. The criterion that

100 p= 1, 2, . . . , P

is usually satisfied by the second iteration of the Gulf Test
solution; one application of the first-order solution is there-
fore usually quite sufficient. If station s is completely un-
known, Kif = 0, and the preceding formulas need no modi-
fication. If, however, the station is fixed, set Kif = ada
and let a -*- ». Then d2Z//d?/;sd?/;

s -*- —ada, and the cor-
responding elements in the covariance matrix approach a~ldij.
These elements multiply only 'bLfoyf -*- — a(y^s — ?/y°s)
in the application of Eq. (1); the net result is that any yis are
replaced by y?s after one iteration, and they are not modified
thereafter. In practice, this is accomplished simply by

dropping yis as adjustment parameters. The foregoing solu-
tion is valid only for intradatum ties, but it can easily be
extended for interdatum ties as well. For instance, suppose
that, for s = 1, 2, . . . , T, ?/;0s is referred to one datum, and
for s = T + 1, T + 2, . . ., S, yi°s is referred to a second
datum. Let the datum displacement be 2,-, and in all of the
preceding formulas replace yi0s by y?s + zlt when s > T.

The additional derivatives with respect to Zi of the modified
log likelihood function are, to the. appropriate order,

= E - v

s > T

All other additional derivatives are zero. With the modified
and new derivatives, the datum displacement can be carried
along with the coordinates of the stations and flashes in the
parameter vector 6.

An advantage of this type of solution over the usual least
squares approach is that, if the geometry and precision of a
network and its measurements are specified, the covariance
matrix can be calculated without requiring actual observa-
tions. Thus, error analyses can be performed for hypthetical
models. For the Gulf Test measurements, the observed ap-
parent right ascensions and declinations and their standard
deviations are calculated in the least squares plate reductions
of ACIC. These standard deviations are checked against
the solution errors (that is, the magnitudes of the cross prod-
ucts of the solution and observed vectors); rarely do they
require modification and second solutions. In such cases,
there are slight differences between the solution parameters,
but the covariance matrices change moderately.

Observation Network

The 11 PC-1000 camera sites occupied during the Gulf
Test are listed in Table 1. Station 650, Jacksonville, and
Station 650M, Mulberry, were occupied by the same camera,
the camera being at Jacksonville for the first half of the test
program. The 1381st Geodetic Survey Squadron of APCS
provided the coordinates of the camera sites, which were
tied to first-order control of the North American Datum
1927 (NAD 27); ACIC supplied the geoid-spheroid separa-
tions necessary to convert heights above mean sea level to
heights above the reference spheroid.

Thirty-nine observation groups were obtained in the Gulf
Test. (A group is defined here as a flash sequence success-
fully photographed from three or more camera stations.)

Table 1 Geodetic coordinates of camera sites, NAD 27

Geographic site

Houma, La.
Ellington, Tex.
England, La.
Corpus Christi, Tex.
Dauphin I, Ala.
Hunter, Ga.
Jupiter, Fla.
Jacksonville, Fla.
Mulberry, Fla.
Orlando, Fla.
Orlando, Fla.

Station
no.

640
641
643
644
647
648
649
650
650M
686
686C

Latitude
north, <j>

29° 33' 44!80
29° 35' 39^89
31° 19' 15T91
27° 41' 20T88
30° 14' 48^28
32° 00' 05?87
26° 57' 12!57
30° 14' 10?72
30° 13' 05T 46
28° 34' 26! 03
28° 34' 26':70

Longitude
west, X

90° 40' 44! 19
95° 09' 14': 04
92° 31' 31T91
98° 14' 36':88
88° 04' 42T51
81° 09' 13': 64
80° 04' 55T80
81° 40' 57': 46
81° 41' 47':81
81° 19' 39!07
81° 19' 38':65

Height
above
mean

sea level,
hj m

2.0
8.2

26.8
3.4
1.2

12.2
6.8
5.8
6.4

28.6
28.6

Height
above

spheroid.
H, m

7.0
12.2
29.8
6.4
5.2

12.2
9.3
9.3
9.9

33.7
33.7
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Table 2 Station observations (ANNA satellite altitude approximately 1100 km)

Group
no.

8
19
22
28
30
34

Date

Oct. 1,63
Oct. 22, 63
Oct. 26, 63
Dec. 19, 63
Dec. 20, 63
Jan. 3, 64

Time
GMT

0955
0347
0306
0228
0149
0601

Sub-sat.
lat.,
°N
33
31
26
33
31
28

Sub-sat.
lat.,
°W

85
87
88
90
88
92

Flash
mode

Memory
EMOS
EMOS
EMOS
EMOS
EMOS

640 641

X
X

X
X
X
X X

643

X
X
X
X

X

647

X
X
X
X

X

X

648 649

X
X
X
X X
X X
X X

650M

X
X

X

Numerical results of this paper are based on available data
(Table 2) that were obtained from six groups and seven
cameras. They are plotted in Fig. 3.

Results

Five geodetic networks were examined with the inter-
visible computer program. In a network, each camera site
was considered either as a "reference" station or as a "free"
station. If the coordinates of a reference station were not
parameters of the adjustment, the station was considered
"fixed", if the coordinates of a reference station were con-
strained parameters of the adjustment, the station was con-
sidered "adjustable."

The horizontal standard deviations of the free stations
were uniformly chosen as 100 m. Except for one case in
which the initial coordinates of a free station were deliber-
ately in error by 140 m, these constraints were relatively so
weak that they were tantamount to assuming infinite hori-
zontal standard deviations. The horizontal constraints
were rather harsh for the station deliberately in error, but
their effects were offset by the strength of the observations,
coupled with the assumption that the two reference stations
for that case were fixed. The vertical standard deviations
of the free stations were uniformly chosen as 5 m. These are
reasonable uncertainties for the geoid-spheroid separations
in the Gulf Test area. Because of the poor vertical control
inherent in most of the Gulf Test networks, the vertical
standard deviations were usually decreased only slightly in
the adjustments, that is, tight vertical constraints were
usually necessary to keep the vertical coordinates from
"running away."

Network 1

The coordinates of the free station, 640, were determined
from intervisible observations of 10 flashes in groups 30 and
34, using the fixed reference stations 648 and 649 as a base-

line. The observation standard deviations were 0.9 for
station 648, l".l for station 649, and If 6 for station 640. The
free station was intentionally given an initial position error
of +3" in latitude and —4" in longitude.

The sizeable free station position error was eliminated in
the adjustment that is summarized in Table 3. The distance
AR between the NAD 27 position and the ANNA determined
position is 7.1 m. The square root of the trace of the solu-
tion covariance matrix for the free station is <TR = 8.7 m.

Network 2

The coordinates of the free station, 648, were determined
from intervisible observations of nine flashes in groups 8

Table 3 Geodetic position determination of station 640
from stations 648 and 649a

North
ANNA
A
a

American datum 27
data reduction

<p
29° 33' 44

44
0
0

:so
:78
:o2
:n

X

90° 40' 44:19
43:93
0:26
0:25

H

7.
7,

-0.
4.

m

,0
,6
,6
8

R

7.
8.

m

1
.7

a Fixed reference stations, 648 and 649; free station, 640. Input error
station 640; <p = +3", X = — 4". Observations: all stations observed
five flashes each on groups 30 and 34. AR = [(Az)2 + (Ay)2 + (As)*]1/2;

and 22, using the fixed reference stations 641 and 643 as a
baseline. The observation standard deviations were 0''7 for
station 643 and Of8 for stations 641 and 648.

The network geometry of this case is not favorable for a
strong determination of the horizontal coordinates of the
free station. The discrepancy AR is 13.4 m (aR = 12.0
m). The vertical standard deviation of the free station
decreased from 5.0 to 3.8 m. Compared with other runs,
this indicates a relatively favorable geometry for vertical
control. If there had been no vertical constraint, the vertical
standard deviation of the solution would have been approxi-
mately 6 m.

Of incidental interest are the uncertainties of the final flash
positions. The flash error ellipsoids of this reduction are

Table 4 Geodetic position determination of station 648
from stations 640 and 643a

North American datum
ANNA data reduction

ANNA data reduction

ANNA data reduction

27
1

A
a
2
A
a
3
A
<T

32° 00' 05
05

+ 0
0

05
+ 0

0
05

+ 0
0

:87
''76
''11
'.07
:76
:n
:n
:80
:o7
'.22

81° 09' 1ST
14:
-o:

H,

64
74
83

orso
14:44
-o:

o:
14:
-o:
i:

80
83
26
62
30

m

12.
10

+ 1
4

10
+ 1

4
10.

+ 1
4

J2, m,

.2

.4

.8

.9

.5

.7

.9

.5

.7

.9

21.
14.

21.
22.

16.
35.

, 7
6

3
2

5
1

Fig. 3 Seven camera sites, represented by triangles, ob-
served six groups of ANNA flashes, represented by circles, to
provide data for the computer runs described in this paper.

a Reference stations, 640 and 643; free station, 648. Run 1: fixed.
Run 2: OTN-S = O-E-W = 3 m, <r# = 0.1 m. Run 3: crx-s = OE-W — 6 m, OH
0.1 m. Observations: all stations observed four flashes on group 19 and
three flashes on group 28. AR = [(Az)2 -f (Ay)» + (As)*]1/2; *R =
[^2 + ^2+ crz2]l/2.
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Table 5 Geodetic position determination of stations 640, 641, 643, and 647 from stations 648, 649, and 650°

Sta.

640
641
643
647

<7<f>

0!11
0'M4
O'Ml
oro7

Reduction

*H,
o-x m

0''21 4.7
0''36 5.0
0''29 5.0
OM8 4.6

<TR,

m

8.3
11.7
9.7
6.9

North American

A<p AX

+0''09 +0''29
-o!06 +orei
+o"09 +0^33
4-0'fl4 +0'f42

datum ANNA data reduction

AH,
m

-0.2
0.0

-0.4
+0.7

Ax,
m

-7.7
-16.8
-8.3

-11.3

Ay,
m

+ 1.6
+0.7
+2.5
+ 1.5

Az,
m

+2.0
-1.4
+2.5
+4.5

R,
m

8.1
16.9
9.0

12.3

Distance,
km

987
1454
1238
761

accuracy,
NAD standard

1/122,000
1/86,000
1/138,000
1/62,000

0 Fixed reference stations, 648, 649, and 650; free stations 640, 641, 643, and 647. Observations: stations 648, 649, 650, 640, and 647 observed five
flashes on group 30 and five flashes on group 34. Stations 641 and 643 observed five flashes on group 34. Stations 641 and 643 observed five flashes on
group 34. AR = [(Az)2 + (Ay)« + (Az)2]V2 ; aR = [ffasz + ^2 + <r*2p/2.

cucumber-shaped, and the longest axis of each is aligned in
the general direction of the reference baseline from the flash
locations. For flashes in group 8, the standard deviations
along the longest axes and normal to these axes are about
15 and 2.5 m. For flashes in group 22, these standard de-
viations are about 13 and 3.0 m. ^

Network 3

The coordinates of the free station, 648, were determined
from intervisible observations of seven flashes in groups 19
and 28, using the reference stations 640 and 643 as a baseline.
The observation standard deviations were 1''3 for station
640 and 0!8 for stations 643 and 648.

Three adjustments, which were made with the data, are
summarized in Table 4. For the first run, the reference
stations were considered fixed, and for the second and third
runs they were adjustable. The reference stations for the
second run were given standard deviations of 3 m horizontally
and 0.1 m vertically, which still overstate the accuracies of
NAD 27 first-order stations. For the third run, the horizontal
standard deviations were doubled to 6 m, and the vertical
standard deviations were unchanged.

For the first run, the discrepancy at the free station is
AR = 21.7 m (O-R = 14.6 m); for the second run, the dis-
crepancy is about the same, AR = 22.2 m (aR = 22.2 m); for
the third run, the discrepancy is AR = 16.5 m (aR = 35.1
m). In each run, the major portion of the free station error
is in its longitude; this is understandable because of the long,
narrow triangle formed by the stations involved. The ad-
justable reference stations have discrepancies AR = 1 m
for the second run and AR = 2 m for the third run; the co-
variances of the adjustable reference stations were not ap-
preciably decreased by the adjustments.

Network 4

The coordinates of the four free stations (640, 641, 643, and
647) were determined from intervisible observations of 10
flashes in groups 30 and 34, using the three fixed reference
stations (648, 649, and 650). Ten flashes were observed by
all stations except 641 and 643, which observed only the five
flashes of group 34. The observation standard deviations

Table 6 Geodetic position determination of station 647
from stations 640, 641, 643, 648, 649, and 650Ma

North American datum
ANNA data reduction

•P

27 30° 14' 48T28
48? 16

A O'ri2
o- oro3

X

88° 04' 42?51
42': 38
0?13
o':o3

H, m

5.2
4.8
0.4
2.8

R, m

5.2
3.2

a Fixed reference stations, 640, 641, 643, 649, and 650 M; free station,
647. Observations: 1) all stations observed five flashes on group 34; 2)
stations 641, 643, and 647 observed three flashes on group 8 and five flashes
on group 22; 3) stations 640, 643, 648, and 647 observed four flashes on
group 19; 4) stations 640, 643, 648, and 647 observed two flashes on group
28; 5) stations 640, 648, 649, 650M, and 647 observed five flashes on group
30. AE .= [(Ax)2 + (A?/)2 + (Az)2]i/2 ; aR = |>X2 + ffyz + ^i/aj.

were 0"8 for station 643, 0?9 for station 648, 1T6 for station
640, l".l for stations 649 and 650, and 1''2 for stations 641
and 647.

The adjustment is summarized in Table 5. The free sta-
tion discrepancies range between 8.1 and 16.9 m.

Network 5

In the final adjustment, the coordinates of the free station,
647, were determined from intervisible observations of 24
flashes in groups 8, 19, 22, 28, 30, and 34, using the six sur-
rounding fixed reference stations (640, 641, 643, 648, 649,
and 650M). The observation standard deviations were 0''9
for station 647, in for station 650M, 2fl for station 640, OT8
for stations 643 and 648, and IfO for stations 641 and 649.

The geometry is favorable for a strong determination of the
coordinates of the free station. The adjustment is sum-
marized in Table 6. The free station discrepancy is AR =
5.2 m (<TR = 3.2 m).

After this adjustment, the sample standard deviation for
all observation residuals is 1''2. Statistical chi-square and
variance ratio tests indicate that the data are consistent with
the original assumption that the observation angular errors
are normally distributed, and the data are consistent with
the hypothesis that the observation standard deviation is
independent of the station and flash.

Conclu sions

ANNA 1-B, the first satellite specifically instrumented for
geodetic purposes, was part of a research program that has
demonstrated the feasibility of using photographic satellite
surveying techniques to derive significant geodetic data.
One phase of this program was the Gulf Test in which meas-
urements of photographs from PC-1000 camera systems
were processed eventually to yield camera station coordi-
nates. The discrepancies between the Gulf Test coordinates
and those of the NAD 27 are typically of the order of 10 m.

Parallel tests, encompassing different photographic systems
and data reduction techniques, have been successfully per-
formed by the Smithsonian Astrophysical Observatory and
NASA. Many observations of the Navy Doppler System
have been collected3 which have also yielded geodetically
significant results. Although the Army Secor System was
inoperative on the ANNA satellite, in subsequent geodetic
satellites Secor has demonstrated its value as a geodetically
useful system.
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